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FUNCTIONAL EQUATIONS IN A CLASS OF ANALYTIC FUNCTIONS AND COMPOSITE MATERIALS
Introduction
Let us consider the unit disc U = {zGC, |z| < 1} in the complex plane C. Let C denote the Banach space of functions continuous on the circumference dU -{z G C, \z\ = 1} with the norm ||/|| max^f/ \f(z)\. Let C + C C be the subspace of functions analytic in U. Let us consider a shift / :U -» U, where / 6 C + , U := U U dU. The Denhoy-Wolf theorem [16, p. 78] implies that f(z) has a unique fixed point ZQ € U, moreover which is valud in a neighborhood of the point ZQ is called the local functional equation. Here G(z) and g(z) are given functions, <p(z) is unknown function. All functions are analytic in a neighborhood of Zo.
If (0.1) is valid in U for G,g € C + , then we shall call it the global functional equation with respect to <p £ C + . The local functional equation (0.1) has been solved in [6, p. 150] . If G(z) has a pole at ZQ, then in a special case the local functional equation (0.1) is unsolvable [6, p. 164] . This is no longer true in the general case. The papers [4, 7, 8] contain the complete solution of the global functional equation (0.1) in C + for G(z) and g(z) meromorphic in U. Golusin [2] studied boundary value problems appearing in mechanics of composite materials. For instance, if a material contains two disjoint circular inclusions of other material, then <p(z), the complex potential of the field, satisfies the functional equation (0.1). If the number of inclusions is equal to n > 2, then we arrive at the system of functional equations 
A functional equation and a boundary value problem
We consider a lattice Q defined by two fundamental translation vectors cji and u 2 in the complex plane C. Assume that the unit disc belongs to the zero cell Qo := {z = t+ <1^2 G C : -1/2 < tj < 1/2}, the basis of Q. Let be a linear ordered set of the numbers toi^i + m 2 u 2 where m\ and m 2 are integers, eo = 0.
We shall study the following functional equation
with respect to the function ip G C + . Here At the beginning let us prove that the infinite series of (1.1) makes a sense. where d/dn is normal derivative, g\ and gi are the known functions related to g by some simple formulas,
Using the Cauchy-Riemann condition = it is easy to check that the complex equality (1.5) is equivalent to the real relations (1.6) up to an additive constant [2, 9, 12].
The condition (1.6) is well-known condition of the perfect contact between materials with different physical properties. More precisely, let us consider double-periodic two-dimensional composite material corresponding to the lattice Q, when D and U are occupied by materials with the conductivity unit and A, respectively. Let u and v be potentials of the field in D and U. Then we arrive to the problem (1.6) on the lattice Q [12] .
In Section 2 we prove that the problem (1.1) and (1.5) have a unique solution. Since the solution of (1.1) satisfies (1.5) we conclude that the complex potential <p(z) of the two-dimensional field in U satisfies the functional equation (1.1). This function can be analitically continued in U if only Ci -0. So assuming that <p(z) is not a constant we come to the conclusion that <p(z) = 0. It follows from (2.4) that <p(z) cannot be a non-zero constant because ip(z) is double-periodic.
Solution of the functional equation
We have proved that equation (2.3) for \v\ < 1 has only zero solution. This proves the theorem.
As we see in Sec. 1 the unique solution of (1.1) and tp from (1.4) satisfy the R-linear problem (1.5). The problem (1.5) has not other solutions because the homogeneous problem (g = 0) or (2.4) has only zero solution.
Conclusion
The theorem (Sec. 3) justifies exact formulae of the paper [14] , where the solution of (1.1) has been written in the form of the functional series corresponding to (2.2). We studied (1.1) when < 1. From the physical point of view the case | £>| < 1 is the most interesting. If > 1 then the theorem is no longer true. In this case we need to study the R-linear problem (1.5) for | £»| > 1. Similar problem has been considered in [5, 10] .
